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Numerical Simulation of Continuous Stirred
Ultrafiltration Process: An Approach Based on

Moving Boundary Layer Concept

Chiranjib Bhattacharjee* and Siddhartha Datta

Department of Chemical Engineering, Jadavpur University,

Calcutta, India

ABSTRACT

A mass transfer model based on unsteady state mass balance over

concentration boundary layer coupled with gradual development of so

called "gel" or "cake" layer has been formulated in this study. The model

considers the boundary layer problem simultaneously with the film theory

of mass transfer and resistance in series model. The resulting

equations are solved first by reducing the set of partial differential

equations to nonlinear equations utilizing orthogonal collocation

technique and then applying multidimensional Newton–Raphson method

with suitable seeding scheme to solve the above-mentioned nonlinear

equations together with some additional constraints. The problem of

determination of membrane surface concentration is eliminated by this

simultaneous solution of boundary layer equation together with gel layer.
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The model is found to be capable of predicting permeate flux and rejection

under different experimental conditions. The main feature of this model is

that it takes into account realistically the effect of gel layer formation

within concentration boundary layer whereas in most of the previous

studies this effect has not been considered. The dependency of

concentration profile, gel thickness, and permeate concentration with

different operating variables are also studied and the variations are found

to be quite reasonable.

Key Words: Ultrafiltration; Boundary layer; Mass transfer; Numerical

modeling; Rejection.

INTRODUCTION

Over the past few decades, ultrafiltration (UF), which is a pressure driven

membrane process, has emerged as a viable process for the concentration or

separation of moderate to high molecular weight solutes from its solutions.

The major problem in the commercial use of ultrafiltration is the flux decline

with time. As a result of this deleterious effect upon permeate flux, there have

been many investigations regarding the nature of transport phenomena in UF,

particularly in the vicinity of the membrane surface. Some researcher, point

out that the reduction of permeate flux may have originated from the variation

of viscosity due to the concentration polarization, independent of any

supposed gelation or osmotic effect.[1,2] Several models were developed so far

to describe the polarization phenomena in ultrafiltration. Usually all of them

can be classified into the following three categories: (a) resistance in series

model, (b) gel polarization model, and (c) osmotic pressure model. According

to the gel polarization model,[3] a gel layer is formed on the membrane surface.

As shown by Wijmans, Nakao, and Smolders,[4] the three models mentioned

above predict almost equivalent permeate fluxes under a steady-state

condition, especially at higher concentrations. On the other hand, it was shown

by Danes, Boriou, and Poyen[5] that no classical model as stated above could

explain the experimental data with good fit. Due to this reason, most of the

models that are reported in literature are composite in nature, not based

directly on any classical models as listed above.

The gel polarization model was well discussed by Nakao, Yumoto, and

Kimura.[6] The rejection characteristics of the macromolecular solutes in the

low to moderate molecular weight range have been discussed in this paper for

the gel-limited case of ultrafiltration. Recently, computer simulation was
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discussed by Lebrun et al.[7] to calculate membrane performance data for

rectangular slit configuration. This has been achieved by coupling the surface

force–pore flow model for membrane transport and concentration polarization

model through a boundary condition. Recently very good work in formulating

the concentration polarization phenomena has been reported by Song and

Elimelech.[8] Their model applies to concentration polarization of

noninteracting particles in cross flow filtration system. The theory reveals

that a dimensionless number, called filtration number, characterizes the extent

of concentration polarization. Effects of natural convection instability on

membrane performance in dead-end cross flow ultrafiltration were discussed

recently in an interesting manner by Youm, Fane, and Wiley.[9] A mass

transfer correlation for mixed convection membrane system was also

presented. A significant work regarding modeling of concentration

polarization and depolarization with high frequency back pulsing was

reported by Redkar, Kuberkar, and Davis.[10] Presently a unified model for

predictions of flux in stirred and unstirred batch ultrafiltration was also

reported.[11] An integrated model taking into account the gel layer, osmotic

pressure and resistance-in-series models has been developed recently by de

Pinho, Semiao and Geraldes.[12] This model was formulated for nanofiltration,

though it is suggested that it can be extended to reverse osmosis and

ultrafiltration. Very recently, a two-dimensional composite model has been

discussed by Paris, Guichardon, and Charbit[13] and, comparison of this model

with classical models has been performed. It was shown that the developed

model is much more superior compared with classical ones.

So far various works have been reported on the analysis of limiting flux

phenomena in ultrafiltration. Some works were oriented towards prediction of

permeate flux based on some parameters and operating conditions.[14,15]

However, very little attention has been paid to the prediction of rejection

during ultrafiltration of macromolecular solutes. Neimi, Raimoaho, and

Palosaari[16] developed a model for the prediction of both flux and rejection

during ultrafiltration. The model was, in fact, based on the finely porous model

that described permeate flux and rejection in terms of four quantities.

The present work has been undertaken in an attempt to develop a

composite mathematical model that is capable of predicting rejection and flux

as well as permits the analysis of dynamic behavior of the deposited gel layer

and concentration profile within the boundary layer. The present model is

based on a feature that is generally neglected in most of the previous analyses.

The concentration-polarization boundary-layer thickness is usually assumed

to depend on the shear rate or stirring rate, and to not change as the gel layer

grows. In the present model, however, the polarization layer is assumed to

become thinner as the gel layer becomes thicker, presumably because
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the effects of stirring become greater. So this model is based on a new

hypothesis that the total thickness comprising of “effective boundary layer”

and deposited solute layer remains constant at a value suggested by film theory

of mass transfer. The deposited solute layer grows in thickness with time due

to more and more rejection of the solutes by the membrane. Since the total

thickness is assumed to be constant, this deposited solute layer, in fact, reduces

the thickness of “effective boundary layer”, where the concentration gradient

actually lies. No such studies in this respect have been made before, and

therefore this model would help in analyzing the mass transfer characteristics

of solutes during UF under various hydrodynamic conditions, particularly in

the vicinity of the membrane.

THEORY

Figure 1 shows the gel layer and concentration boundary layer along with

different notations. According to the assumption of this study, the growing

thickness of gel layer actually reduces the effective boundary layer and as a

result the concentration gradient constantly increases with time until the

development of steady state. In all of the previous studies, it has been assumed

that the thickness of the concentration boundary layer does not change with

time, whereas gel-type layer gradually grows in thickness between

Figure 1. Effective boundary layer and gel formation over the membrane.
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the membrane and boundary layer. This means that the boundary layer just

shifts away from the membrane to accommodate the growing gel layer. But in

the case of continuous stirred ultrafiltration, this seems to be somewhat

improbable because of the presence of turbulence created by stirring. So the

effect of stirring does not allow any concentration gradient to exist at a

distance far away from the membrane. This fact was not considered in any one

of the previous studies; instead it was assumed that the boundary layer

gradually moves away from the membrane surface, though its thickness and

concentration gradient do not change. But in the present study it has been

assumed that the flux decline occurs due to the effect of increasing thickness of

gel layer, as well as due to increased concentration gradient in the effective

boundary layer which in turn increases the back diffusive flux.

The unsteady state mass balance in the effective boundary layer gives the

following partial differential equation:

›c 0

›t 0
¼ J

›c 0

›x 0
þ D

›2c 0

›x 02
ð1Þ

The above equation assumes constant diffusivity and density. The initial

and boundary conditions, which are applicable to the above equation, are as

follows:

iÞ At t0 ¼ 0; c0 ¼ c0b for all x0

iiÞ At x0 ¼ z0 ðwhich is itself a function of timeÞ;

c0 ¼ c0m ðan unknown quantityÞ for t0 . 0

iiiÞ At x0 ¼ d; c0 ¼ c0b for t0 $ 0 ð2Þ

Introducing the dimensionless variables in the following form

c ¼ c0=c0b; x ¼ ðx 0 2 z 0Þ=ðd2 z 0Þ; t ¼ Dt 0=d2 and z ¼ z 0=d ð3Þ

(above change in space co-ordinate brings the limit of integration to [0,1],

which is independent of time), Eqs. (1) and (2) become:

›c

›t
¼

1

ð1 2 zÞ2
JðtÞ

k

›c

›x
þ

›2c

›x2

� �
ð4Þ
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with the boundary condition represented in the dimensionless form:

iÞ At t ¼ 0; c ¼ 1 for all x

iiÞ At x ¼ 0; c ¼ cm ðstill unknownÞ for t . 0

iiiÞ At x ¼ 1; c ¼ 1 for t $ 0 ð5Þ

According to film theory, mass transfer coefficient (k) can be equated to

(D=d), where d be the film thickness. Since the total thickness (d) comprising

the gel layer and the effective boundary layer remains constant as per the

propositions made in this study, the effective boundary (film) layer whose

thickness is d2 z 0, must shrink to accommodate for the increasing thickness

of the gel layer (z). So the mass transfer coefficient should be related

according to the equation: k ¼ D=ðd2 z 0Þ; which in dimensionless form

becomes: D=d ¼ kð1 2 zÞ and this has been incorporated to get the final form

of Eq. (4). With increase in t, mass transfer coefficient should increase

according to the above proposition (since, as 1 2 z decreases, k should

increase to keep D/d constant), which in fact seems reasonable due to

increased concentration gradient. For a stirred cell, the mass transfer

coefficient at a fixed hydrodynamic condition can be found from well-known

empirical correlation[17]:

k ¼ 0:0443 ðD=rÞðn=DÞ0:33ðvr 2=nÞ0:8 ð6Þ

It is a well-established fact that boundary layer develops almost

instantaneously, thickness of which will remain constant as a function of time,

as postulated in this model. Mass transfer coefficient for calculation of this

film thickness (d) was calculated from Eq. (6) at the given hydrodynamic

condition and at the physical properties (viscosity and density) value

evaluated at bulk concentration. Further, the diffusivity can be empirically

related to molecular weight of polymer solution[18]:

D ¼ 2:74 £ 1029 M21=3 ð7Þ

Now Eqs. (4) and (5) can be expressed in terms of orthogonal collocation (OC)

expression. Using n-point OC with Legendre polynomial [defined for interval

(0,1), being the collocation function] Eq. (4) can be expressed for i-th internal
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point as follows[19]:

dci

dt
¼

1

½1 2 zðtÞ�2
JðtÞ

k

Xnþ2

j¼1

Aijcj þ
Xnþ2

j¼1

Bijcj

" #
ð8Þ

for i ¼ 2; 3; . . .; n þ 1:
Here the interval in the effective boundary layer has been divided into

(n þ 1) subintervals with n internal points ð2; 3; . . .; n þ 1Þ and two boundary

points (1 and n þ 2). The total n number of equations represented by Eq. (8)

involves n þ 4 number of unknowns ðnamely; c1; c2; . . .; cnþ1; z; J; and cpÞ. So,

additional four equations are required to solve the problem.

Unsteady state mass balance over the deposited “gel” or “cake” layer

gives the following equation:

Jc 0jx 0¼z 0 2 Jc 0
p þ D

›c 0

›x 0

����
x 0¼z 0

¼
›z 0

›t0
c0

or, in terms of dimensionless quantities as defined earlier and after breaking

the derivative term with n-point OC, one can get,

dz

dt
¼ Jc1 2 Jcp þ k

Xnþ2

j¼1

A1jcj

" #
1

kc1ð1 2 zÞ
ð9Þ

In this study, it is assumed that the total amount of solute in effective

boundary layer does not change with time. The solute accumulates only in the

“cake” or “gel” layer. During ultrafiltration process, out of the total solute

rejected by the membrane, one part gets dissolved in the bulk due to back

diffusion and the remaining gets accumulated in the gel layer. Since the solute

content of the effective boundary layer does not change, one can write,

d

dt0
½ðd2 z 0Þ�c 0� ¼ 0 ð10Þ

where �c 0 is the average concentration in the effective boundary layer, which

may be a function of time. Using Gauss–Legendre quadrature [defined for

interval (0,1)] the above equation can be written as follows[19]:

ð1 2 zÞ
Xnþ1

j¼2

wj

dcj

dt
¼

dz

dt

Xnþ1

j¼2

wjcj ð11Þ

where wj are weightage factor for n-point Gauss–Legendre quadrature

formula for the interval (0,1). All the values are tabulated and obtained from

elsewhere.[19] In the above equation, summation should be over the entire
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interval, i.e., from 1 to n þ 2. But for all n, except n ¼ 1, which has not been

used here due to poor accuracy and instability inherent in 1-point OC;

w1 ¼ wnþ2 ¼ 0.[19]

From this point onwards, computations can be performed in two

directions—one is for analysis purpose where experimental values of flux (J)

and permeate concentration (cp) have been used as a function of time and other

for prediction purpose, where J and cp were also predicted along with all other

variables. For the first part, Eqs. (8), (9), and (11) can be simultaneously

solved for n þ 2 number of unknowns ðc1; c2; . . .; cnþ2; zÞ. The two methods

produce very small differences in the final computed values of different

concentrations and gel thickness. In fact, the latter method is preferred because

it predicts J and cp along with the calculation of the above-mentioned n þ 2

variables. Another two equations or conditions are necessary for this purpose.

Permeate flux can be expressed by filtration theory in the following form

(coupled with osmotic pressure model):

JðtÞ ¼
DP 2 sDp

ðRm þ ac1
0z 0Þms

or in terms of dimensionless quantities as

introduced earlier;

JðtÞ ¼ ðDP 2 sDpÞ Rmms þ ac1cb
0ms

zD

kð1 2 zÞ

� �21

ð12Þ

Osmotic pressure of polymer solution was calculated from well-known

Flory’s equation.[20] The results from irreversible thermodynamics[21] show

that the "real" rejection is related to flux and permeability of the membrane by

the following expression:

1 2
cp

c1

¼
sð1 2 FÞ

1 2 sF
where F ¼ exp½2ð1 2 sÞJ=Pm� ð13Þ

Now all the above n þ 4 equations represented by Eqs. (8), (9), (11),

(12), and (13) can be solved simultaneously for n þ 4 variables. The

orthogonal collocation method when applied to parabolic partial

differential equation often produces a “stiff” set of ordinary differential

equations. Due to this reason, a second order implicit method e.g., the

Crank Nicholson method, which has very strong stability envelop, has

been used. In fact it is an “A–Stable” technique. Introducing new
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variables for the unknowns: yi ¼ ci; ði ¼ 1; . . .; n þ 1Þ; ynþ2 ¼ z; ynþ3 ¼ J

and ynþ4 ¼ cp, the different equations can be written as follows:

i) The set of equation defined by Eq. (8) can be expressed as follows:

dyiþ1

dt
¼ IiðyÞ ) yðkþ1Þ

iþ1 ¼ yðkÞiþ1 þ
Dt

2
I
ðkÞ
i þ I

ðkþ1Þ
i

� �
ð14Þ

where

IiðyÞ ¼
1

1 2 ynþ2

� �2

£
ynþ3

k

Xnþ1

j¼1

Aijyj þ
Xnþ1

j¼1

Bijyj þ
ynþ3

k
Ai;nþ2 þ Bi;nþ2

" #

for i ¼ 1; 2; 3; . . .; n:

ii) The Eq. (9) can similarly be represented as:

dynþ2

dt
¼ Inþ1ðyÞ ) yðkþ1Þ

nþ2 ¼ yðkÞnþ2 þ
Dt

2
½I

ðkÞ
nþ1 þ I

ðkþ1Þ
nþ1 � ð15Þ

where Inþ1 ¼ Jy1 2 Jynþ4 þ k
Xnþ1

j¼1

A1jyj þ kA1;nþ2

" #



1

ky1ð1 2 ynþ2Þ

iii) Eq. (11) can be written as follows:

ð1 2 ynþ2Þ
Xnþ1

j¼2

wjIj21 ¼ Inþ1

Xnþ1

j¼2

wjyj ð16Þ

The (n þ 2) nonlinear equations represented by Eqs. (14)–(16) together

with the other two equations as defined by Eqs. (12) and (13) can be written as
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functional form as follows:

ð17Þ

The above set of equations were solved simultaneously by multidimensional

Newton–Raphson method from where the increment vector (Dy) can be

calculated by solving the following set of equations by Gauss Elimination

method.

J:Dy ¼ 2f ðyÞ ð18Þ

Elements of the Jacobian matrix were evaluated numerically, as suggested by

Broyden[22]:

›f i

›yj

¼ ½ f ið y1; . . .; yjþh; . . .; ynþ4Þ2 f ið y1; . . .; yj2h; . . .; ynþ4Þ�=2h ð19Þ

where f iðy1; . . .; ynþ4Þ ¼ 0 represents i-th equation of the set of (n þ 4)

number of nonlinear equations. The above equation is written for the

evaluation of (n þ 4) £ (n þ 4) order Jacobian matrix. Here, h is a very small

quantity and is taken as 0.0001 yj in most of the cases. Details of the

simulation algorithm are shown in Fig. 2. Other methods for the solution of

nonlinear equation could have been used. In fact Broyden–Householder

method has been applied for eliminating the problem of evaluation of Jacobian

matrix in each iteration, but since the original system of equation gives a well

convergent set, it produces very little improvement over conventional

Newton–Raphson method.
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EXPERIMENTAL

A continuous stirred cell has been used for the purpose of

experimentation. Flat disc, asymmetric, hydrophilic cellulose acetate

Figure 2. Algorithm for dynamic simulation of flux, rejection, concentration profile,

and gel layer thickness.
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membrane of MWCO 5000 (obtained from Spectrum Medical Industries,

Los Angeles, CA 90060, USA, model: SPECTRA-POR) was used in

conjunction with highly porous polymeric support. The diameter of the

membrane was 76 mm with effective filtration area 2.64 £ 1023 m2 and that of

stirrer impeller was 56 mm. Solutions of Polyethylene Glycol (PEG-6000) of

molecular weight ranging from 6000 to 7500 (obtained from Fluka, England)

were prepared using distilled water. The levels of concentration used were 20,

50, and 70 kg.m23, while the pressures were varied as 552, 689, and 827 kPa

and the stirrer speed levels were 5.5, 7.5, and 9.0 rps. The concentrations of

PEG-6000 in feed and in permeate were measured by refractive index

calibration method. The density and viscosity of PEG-6000 solution can be

expressed as a function of concentration as follows[16]:

r ¼ ð0:9956 þ 0:2776 £ 1023 c0 2 0:9822 £ 1026c0 2Þ £ 1000:0 ð20Þ

m ¼ ð0:85 þ 0:01446c0 þ 0:02734 £ 1022c0 2 2 4:276 £ 1026c0 3

þ 2:84 £ 1028c0 4Þ=1000:0 ð21Þ

Details of the experimental methods, characteristics of membrane, and the

ultrafiltration cell were reported elsewhere.[15,16]

RESULTS AND DISCUSSION

For the solution of the above-mentioned set of equations at different time

points, some initial guess is necessary. Before that one has to choose a specific

value of time increment, Dt. Since an “A–Stable” method has been used here,

Dt was assumed to be 0.1 which is expected to give a reasonable accuracy with

the implicit method of second order local truncation error (LTE). For

evaluating n þ 4 values of variables at any time, say t þ Dt, all the previous

values at time t have been used as initial guess vector. For the first trial, i.e.,

when evaluating for time t ¼ Dt, values of all variables at time t ¼ 0 were

required. For this, all ci ði ¼ 1; 2; . . .; n þ 1Þ was chosen as 1.0 (i.e., bulk

concentration), z was set to 0.0, J was calculated from the relation J ¼

ðDP 2 sDpÞ=ðRmmsÞ with Dp being evaluated based on assumption that bulk

concentration prevails over membrane surface and permeate concentration

was taken to be 10% of bulk value (i.e., cp ¼ 0.1). With above set of initial

guesses, calculation can be started to obtain solution up to any desired time.

Above set of equations were solved for 3-point, 4-point and 5-point OC

technique (i.e., n ¼ 3, 4, and 5). The results show negligible difference with
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increasing number of points in OC. So a 3- or 4-point collocation may be

sufficient to yield the results with reasonable accuracy. The mass transfer

coefficient appearing in Eqs. (8), (9), (11), and (12) can be evaluated in two

ways. The functional dependence of k, as represented by Eq. (6) shows that it

is a function of concentration since the viscosity and density may change with

concentration. So k can be evaluated at bulk concentration (c0b) or at average

concentration prevailing over the effective boundary layer. (Average

concentration in dimensionless form is c̄¼
Pnþ1

j¼2 wjcj). Results were obtained

for the two methods, but the latter shows a closer fit with the experimental data

regarding the values of c0p and J. So k was evaluated based on viscosity and

density values evaluated at c̄. Since c̄ is an unknown quantity, its value has

been determined in iteration loop itself.

To start the computations, four parameter values have been first determined

fromexperimentaldatabyusingstandardprocedureasreportedbyBhattacharjee

and Bhattacharya.[15,16] These values are as follows: Rm ¼ 1:998£1013 m21,

Pm ¼ 1:8275 £ 1026 m s21; a ¼ 2:9086 £ 1013 m kg21, and s ¼ 0:98322:
Once the above four parameter values are known, calculation can be started

to obtain the concentration profile prevailing in boundary layer, the gel

thickness, permeate concentration, and the flux—all as a function of time

starting from t ¼ 0 to any desired time.

Figure 3 shows the variation of thickness of deposited gel layer along with

change in thickness and concentration in “effective” boundary layer. The

results are commensurate with the assumption inherent in the model. The total

thickness of gel and effective boundary layer remains constant at d whose

value can be obtained from the film theory. The figure shows the result for a

specific run under a specific set of operating conditions. At any point within

the effective boundary layer, concentration increases with time until the

attainment of steady state. Simultaneously, its thickness gets reduced due to

the increase of the thickness of deposited “gel” layer. Due to increase of

concentration gradient in the effective boundary layer, back diffusive flux

increases with the resulting decrease in permeate flux until the attainment of

steady state. Permeate flux also decreases due to the increased thickness of

deposited solute layer.

Figure 4 shows the variation of steady state concentration profile in the

effective boundary layer as a function of pressure differential (Fig. 4a) and

stirrer speed (Fig. 4b) keeping all other conditions constant at the prescribed

value. Concentration at any point within the effective boundary layer increases

with the increase in pressure. Increased driving force increases the permeate

flux, which causes more solute molecules to accumulate near the vicinity of

the membrane. Due to this reason, concentration at all points increases with

pressure differential. Higher stirrer speed causes the reverse effect. Increased
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stirrer speed generates more turbulence in the region adjacent to the membrane

surface and this leads to the enhanced rate of transport of the accumulated

solutes into the bulk of the solution. This results in the lowering of the

concentration with the increase in stirrer speed.

Figure 5 shows the variation of gel thickness as a function of stirrer speed

and pressure differential. Increased pressure increases the flux and hence the

membrane rejects more solutes. These accumulated solutes increase the gel

thickness. With increase in stirrer speed more and more solutes get transported

back into bulk and thus the gel thickness decreases. These observations are

also in accordance with the result depicted in Fig. 4.

Figure 6 shows the variation of gel thickness and permeate concentration

(both in dimensionless forms) as a function of bulk concentration for two runs

at different stirrer speeds. The figure shows that with the increase in bulk

Figure 3. Variation of unsteady state behavior of concentration profile in effective

boundary layer and gel thickness vs. dimensionless distance measured from gel surface

(DP ¼ 827 kPa; T ¼ 298 K; c0b ¼ 20 kg m23; v ¼ 9 rps).
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concentration, the ratio c0p/c0b should increase and this means that rejection

should decrease. Increased bulk concentration increases the concentration

driving force across the membrane, which may cause more solute molecules to

diffuse through the pores of the membrane. This may be the reason for the

decrease of rejection with the increase in bulk concentration.

Figure 7 shows the dependence of c0p/c0b ratio on the values of stirrer speed and

pressure differential. Increased pressure differential increases the flux, causing

Figure 4. Variation of steady state concentration profile in the effective boundary

layer as a function of stirrer speed and pressure differential (a) at constant c0b ¼

20 kg m23; v ¼ 9 rps and (b) at constant c0b ¼ 20 kg=m23; DP ¼ 827 kPa vs.

dimensionless distance from gel surface ðT ¼ 298 KÞ:
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Figure 5. Variation of gel (or, cake) thickness as a function of stirrer speed and

pressure differential (c0b ¼ 20 kg:m23 and T ¼ 298 K).

Figure 6. Variation of gel thickness and permeate concentration (in dimensionless

form) as a function of bulk concentration (DP ¼ 827 kPa; T ¼ 298 K).
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more solute deposition, which implies higher thickness of deposited solute or

“gel” layer. This deposited solute layer acts as a secondary membrane and with its

extra sieving action, it causes more solutes to be retained. The above effect not

only reduces the permeate concentration but also increases the rejection.

Increased pressure also has the effect of compressing the deposited layer to enable

it to act more like a compact membrane. It ultimately reduces the permeability of

the solute molecules. Higher stirrer speed reduces the gel thickness due to

increased rate of turbulent transport of deposited solute into bulk. This decrease in

thickness of the deposited layer causes the effect of “secondary membrane” to

decrease, thus reducing the extra sieving action achieved by the deposited gel

layer. Due to this reason, permeate concentration decreases with the increase in

stirrer speed.

The permeate concentration and flux calculated by this model agree well

with the experimental data. Comparisons of predicted flux and experimental

Figure 7. Variation of permeate concentration (in dimensionless form) as a function

of stirrer speed and pressure differential (c0b ¼ 20 kg m23 and T ¼ 298 K).
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flux have been shown in Figs. 8, 9, and 10, which are showing the simulated

flux data in comparison with experimental flux data under varying pressure

difference, bulk concentration, and stirrer speed respectively. Figure 8 shows

that with the increase in pressure, flux should increase, if all other conditions

remain constant. Increase of pressure causes more driving force, hence the flux

should increase. The decrease of flux with increase in bulk concentration is

manifested in Fig. 9. Increased bulk concentration means more solute

deposition on the membrane surface, higher membrane surface concentration,

larger effect of concentration polarization, and greater gel thickness. These

will cause the flux to decline with increasing bulk concentration. Figure 10

shows the effect of change of stirrer speed on permeate flux. With increase in

stirrer speed, the flux increases because of higher turbulence, lesser gel effect,

and finally, the reduced effect of concentration polarization. These three

figures show that deviations in the simulated flux are quite low in comparison

to experimental results. Figure 11 shows the comparison of the predicted

rejections values with experimental data. This figure also shows that in most

Figure 8. Variation of simulated and experimental permeate flux as a function of

transmembrane pressure vs. time (c0b ¼ 50 kg m23; v ¼ 5:5 rps; T ¼ 298 K).
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Figure 9. Variation of simulated and experimental permeate flux as a function of

bulk concentration vs. time (v ¼ 5:5 rps; DP ¼ 689 kPa; T ¼ 298 K).

Figure 10. Variation of simulated and experimental permeate flux as a function of

stirrer speed vs. time (c0b ¼ 50 kg:m23; DP ¼ 827 kPa; T ¼ 298 K).

Continuous Stirred Ultrafiltration Process 1767

MARCEL DEKKER, INC. • 270 MADISON AVENUE • NEW YORK, NY 10016

©2003 Marcel Dekker, Inc. All rights reserved. This material may not be used or reproduced in any form without the express written permission of Marcel Dekker, Inc.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
2
0
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



cases, the deviation remains within ^10%. The final values of all the variables

and their variations with different process parameters are found to be in

accordance with the general notions and expectations. So the model seems to

give good results as regard to prediction of flux and rejection and analysis of

transport phenomena, particularly in the vicinity of the membrane.

CONCLUSIONS

A mass transfer model for the simulation of ultrafiltration process has

been developed in this study which is capable of analysis of boundary layer

phenomena together with gel formation and prediction of permeate flux and

rejection at a specified operating condition. The variation of concentration

gradient in the effective boundary layer and the thickness of gel layer have

also been studied under different operating conditions. The combined effect

Figure 11. Comparison of the experimental and theoretical rejection predicted from

the present model.
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due to increase in concentration gradient and increase in gel layer thickness on

permeate flux has been established under dynamic conditions as well as in the

steady state. The predicted results from the model show good agreement with

experimental data and are consistent with the assumptions inherent in the

model and general notions regarding separation of macro molecular solutes by

ultrafiltration. The calculation procedure reported here is for dead-end

ultrafiltration. Nevertheless, the simulation procedure is also valid for cross-

flow filtration. The only difference will be in the calculation of the mass

transfer coefficient, and thereby the corresponding thickness of the gel layer

and effective concentration boundary layer (d). In this study, it has been

proposed that this thickness (d) remains constant during the UF process. In

dead-end ultrafiltration, this overall thickness is limited by the stirring action

created by the stirrer, whereas in cross-flow ultrafiltration, it is limited by the

turbulence created by the flowing fluid, due to which concentration boundary

layer cannot extend indefinitely from the membrane surface.

NOMENCLATURE

Symbols

A collocation matrix

Aij element in i-th row and j-th column of A matrix

B collocation matrix; Bij an element in that matrix

c0 concentration (kg m23); c0b—bulk concentration, c0p—

permeate conc., c0m—membrane surface conc.

c dimensionless concentration ¼ c0/c0b, ci—at i-th collocation

point; cb, cp, cm means bulk, permeate, and membrane

surface conc., respectively.

D diffusivity (m2 s21)

Ii function defined by equation (14) and (15)

f i ith nonlinear function defined by Eq. (17), for i ¼

1; 2; . . .; n þ 4

f function vector containing all the functions as defined by

Eq. (17)

F a dimensionless constant, defined in Eq. (13)

h increment in independent variable (defined in Eq. 19)

J permeate flux (m3 m22 s21), Jo—permeate flux at time zero

J Jacobian matrix of order (n þ 4) £ (n þ 4), (Eq. 18)

k mass transfer coefficient (m s21)
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M molecular weight (kg kmol21)

P pressure (Pa)

Pm solute permeability (m s21)

r radius of the membrane (m)

Rm membrane hydraulic resistance (m21)

t0 time (s)

t dimensionless time ¼ Dt0/d 2

wi weightage factor for the i-th collocation point

x0 distance from the membrane (m)

x dimensionless distance measured from gel surface, defined

in Eq. (3), xi—distance of the i-th point

y unknown variables (dimensionless), y1; y2; . . .; ynþ4

y unknown column vector containing all the elements

y1; y2; . . .; ynþ4

z0 gel thickness (m)

z dimensionless thickness = z 0=d

Abbreviations

MWCO molecular weight cut off

OC orthogonal collocation

PEG poly ethylene glycol

UF ultrafiltration

Greek Letters

a specific cake resistance (m kg21)

d total thickness of gel and concentration boundary layer (m)

m viscosity (Pa s)

r density (kg m23)

p osmotic pressure (Pa)

v angular velocity (s21)
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